A microscopic understanding of fast ionic transport is fundamental to design novel solid-state electrolytes. We address the role of correlations in these systems and study in detail the tracer and charge diffusion coefficients, deriving a novel inequality between these two quantities. We investigate the failure of the Nernst-Einstein and the physical consequences of a nontrivial Haven ratio with extensive first-principles molecular dynamics in the fast ion conductor Li 10 GeP 2 S 12 . Last, we show that the approximate tracer diffusion still provides accurate activation free energies.
I. INTRODUCTION
Lithium salts and organic solvents are the main components of state-of-the-art electrolytes used in commercial batteries. These materials are flammable and the formation of passivating films at the cathode, not flexible enough to sustain volume changes, poses limitations to their lifetime and cyclability. Solid electrolytes avoid many of these problems and therefore there is a pressing interest in finding solid lithium-ion electrolytes with negligible electronic conductivity (necessary to prevent shorting), high ionic conductivity, stable in contact with the electrodes and with a wide electrochemical window [1] . The search for efficient solid-state electrolytes leads naturally to consider materials with high carrier concentrations. Under such conditions, correlations between carriers play a fundamental role and charge transport becomes similar to diffusion phenomena taking place in fluids. This phenomenon causes a failure of the Nernst-Einstein equation, which provides an approximate relation between the tracer diffusion coefficient and ionic conductivity. The goal of this work is to provide new tools, theoretical and computational, to analyze in detail the difference between these two physical quantities in fast ionic conductors, highlighting to which extent correlations can increase cooperative motion and eventually ionic conductivity. Furthermore, we provide a physical application that provides insight into the role of correlations in a system of primary interest. Focusing on the value of ionic conductivity, Li 10 GeP 2 S 12 ( LGPS) is one of the best performing solidstate electrolyte materials, with an experimental bulk ionic conductivity of 12 mS/cm at ambient temperature, close to the values reported for organic solvents. In this superionic material [2] ionized lithium atoms can diffuse through a rigid host matrix following parallel unidimensional paths connected by transverse connections [4] (see Fig. 1 ). The rigid matrix is composed of sulfur tethraedra, with germanium and phosphorus cations at their center. LGPS, first synthesized in 2011 [5] , has immediately attracted the interest of the computational physics community [4, 6] . In particular, elemental substitutions [6] have been extensively studied, in order to preserve the same structure of the original material, while monitoring the tracer diffusion coefficient. All previous works took for granted the relation between the tracer diffusion coefficient and the ionic conductivity provided by the Nernst-Einstein equation [7] . With our contribution we aim at showing that this relation is not valid and its application leads to an underestimation of the value of conductivity. This fact was already noticed, albeit without explanation, in a previous study based on classical molecular dynamics [8] . Nevertheless, we will numerically show that the activation barriers computed by the two methods agree. A similar failure of the Nernst-Einstein relation has recently been observed in a sodium analog of LGPS [9] .
II. THEORY
We focus our analysis on the computation of the ionic conductivity σ in fast ionic conductors and briefly review the definitions of the quantities of interest. The single-particle motion of the diffusing species is described by the tracer diffusion coefficient:
where x(t) is the displacement of a tagged particle, with velocity v(t), in a time interval t. A direct connection with the dc ionic conductivity σ is provided by the following NernstEinstein equation:
where
is the carrier number concentration and Z c e the carriers's charge. This equation, although suggestive and routinely applied, is only an approximation to the exact expression as derived by linear response theory [10] :
where V c stands for the velocity of the carriers' center of mass (explicitly
. From now on we will reserve uppercase letters to indicate collective variables and lowercase ones for single-particle properties. Applying the Einstein identity it is possible to define a charge diffusion coefficient D σ [11, 12] associated with the diffusion of the carriers' center of mass, leading to an exact form of the Nernst-Einstein equation, σ = It can be easily checked that only in the absence of any correlation between different particles D σ = D tr and the exact expression agrees with the approximate one. Correlations between particles imply cooperative motion and are able to increase the value of the ionic conductivity. A simple expansion leads to the identity
where 0 is an arbitrarily tagged carrier. Furthermore, the bound
can be derived from the application of the Cauchy-Schwartz inequality along the same line of reasoning already presented by one of us [13] . Combining these two results we prove the following inequality:
which is the first result of this paper. N eff is an effective number of particles with whom the tagged carrier can interact in a typical correlation time. It is an intensive quantity dependent on the range of interactions. This result hints at finding materials where the carrier-carrier interaction is long ranged in order to increase conductivity by exploiting correlations. Nevertheless, the short range of interactions in materials far from phase transitions forces this effect to be relatively small.
The inequality (4) shows explicitly that the vanishing of the tracer diffusion coefficient, D tr = 0, forces the vanishing of the charge diffusion coefficient, D σ = 0. This confirms the intuitive expectation that, neglecting electronic polarization effects [14] , a material cannot exhibit a finite ionic conductivity in the absence of single-particle diffusion. On the other hand, the vanishing of D tr is a sufficient but not necessary condition for the vanishing of D σ . In physical terms charge transport can be inactive even if single-particle diffusion is taking place. An extreme example of this behavior is pure liquid molecular systems like water, under the assumption of nonbreaking intramolecular bonds (a thorough discussion is provided in Refs. [13, 15] ). These systems exhibit single-particle diffusion but are ionic insulators, thus leading to a complete failure of the approximate form of the Nernst-Einstein equation (2) and making it evident that tracer and charge diffusion coefficients are associated with different physical properties.
Second, we provide here an analytical expression for the value at t = 0 of the center-of-mass autocorrelation function, useful to check if the numerical simulations correctly capture the static collective correlations of the system. In the thermodynamic limit and in the microcanonical ensemble the static fluctuations of the center of mass of the atoms of a same species are given by
where s labels the species with atomic mass m s . M tot indicates the total mass of the system and M s = N s m s the contribution to the total mass from particles of species s. The Cartesian coordinate is indicated by the latin index a = 1, . . . ,3. Given its importance for molecular dynamics simulations, we provide a derivation in the Supplemental Material [16] . If one single element characterizes the system of interest, M tot = M s and the right member vanishes. This is a consequence of the conservation of momentum, proportional in this particular case to the total velocity of the system. To confirm this result and the quality of the simulations the static fluctuations of the center of mass of sulfur and lithium atoms in LGPS, along the three Cartesian axes, are reported in Fig. 2 . Theoretical predictions and numerical computations agree very well. Relation (5) shows, in particular, that when performing molecular dynamics simulations these fluctuations are unavoidable: indeed, nothing prevents a rigid matrix, i.e., in the case of LGPS the sulfur, germanium, and phosphorus atoms, from diffusing in a coherent way, when periodic-boundary conditions are applied. We will numerically show that this is indeed the case. To correct this limitation we compute the center-of-mass velocity of lithium carriers in the frame of reference of the rigid host matrix. Practically, the renormalized velocityṼ Li has been used in combination with the exact Nernst-Einstein equation and defined asṼ
where R is the set of atoms belonging to the nondiffusing sulfur, germanium, and phosphorus atoms present in the system. We notice that indeed the signalsṼ Li and V Li are not equivalent in the thermodynamic limit and therefore the proposed correction to the conductivity is not merely a finite-size effect. Nevertheless, if the simulation protocol leads to a nondiffusing rigid matrix, then the correction added to the signal does not change the value of the measured ionic conductivity, as a direct consequence of the lemma proved in Ref. [15] .
III. NUMERICAL RESULTS
In order to capture the physics driving transport phenomena in the bulk region of LGPS, we perform several extensive FPMD simulations. The experimental crystallographic positions [3, 5] are used to define the initial configuration, as well as the shape and size of the simulation cell. After an equilibration transient via a Nosé-Hoover thermostat [17] , the sampling of dynamical properties is performed in the microcanonical ensemble. In this way we rule out the possibility that the presence of a thermostat or a barostat interferes with the transport process of interest. We report results for long trajectories (up to 500 ps of microcanonical dynamics) in a supercell of 50 atoms, already used in previous computations by other groups [4] ; our conclusions are also qualitatively checked for shorter simulations in a 100-atom supercell. Furthermore, our results are stable over a wide temperature range. This again confirms that size effects do not affect conclusions, since these are automatically depressed by anharmonicities leading to shorter mean free paths as temperature is increased.
To efficiently integrate the Born-Oppenheimer equations of motion the Car-Parrinello molecular dynamics [18] scheme is used, as implemented in the cp.x code of the QUAN-TUM ESPRESSO distribution [19] . Norm-conserving pseudopotentials from the SSSP library [20] , whose quality has been assessed thoroughly, are used in combination with a kinetic energy cutoff of 60 Ry and the Perdew-BurkeErnzerhof exchange-correlation functional. An electronic mass of 300 amu is needed to guarantee adherence to the Born-Oppenheimer surface. It was discovered that fixing mass preconditioning to standard values impeded thermalization between different species in systems characterized by the presence of light atoms, and therefore Fourier acceleration [21] could not be exploited. In the Supplemental Material the effect of electron mass and preconditioning on system thermalization is reported. A small time step of 4.0 a.u. is needed. These parameters permit one to satisfy the adiabatic condition for the whole length of the simulation: fluctuations of the total ionic and electronic kinetic energy, reported in the Supplemental Material, confirm that the Car-Parrinello molecular dynamics scheme has been efficiently applied.
We focus our attention on the time dependence of the following autocorrelation functions:
[we followed the notation previously introduced in Eq. (6) for the renormalized center-of-mass velocity]. The first one is associated to single-particle uncorrelated motion, while the second and third take into account correlations. By definition lim t→∞ u(t) = D tr and lim t→∞ c/c(t) = D σ /D σ . We report explicitly in Fig. 3 these autocorrelation functions at one representative temperature. Long molecular dynamics simulations are necessary to obtain a reasonable statistical error on the charge diffusion coefficient, even if the tracer FIG. 3 . The integrated autocorrelation functions defined in Eq. (7) with error bars. The associated diffusion coefficients, equal to their value at large times, differ qualitatively. In the insets the short-time behavior is magnified. diffusion coefficient converges much sooner, as expected. At temperatures close to ambient conditions longer lifetimes and increased backscattering effects lead to noisier results. All errors have been computed via a block analysis technique, checking their convergence on the block length [22] .
From the insets in Fig. 3 it can be inferred that at short times the three autocorrelation functions tend to show a similar behavior. This shows that for small time intervals the particles do not have the time to interact and behave as independent entities, apart from the constraint imposed by momentum conservation. The effect is more extreme when considering u(t) and c(t) because, as is the case for D σ and D tr , these two functions become exactly equal when expanding V Li as a function of the single-particle velocities and neglecting cross terms between different particles. As time increases particles start interacting and the gap between u(t) and c(t) enlarges, leading to very different values of tracer and charge diffusion coefficients. Eventually, the charge diffusion coefficient shows a value around 2.5 times larger than the tracer diffusion coefficient. The Haven ratio of LGPS [23] is different from one and transport processes in LGPS are intrinsically cooperative and correlated. We believe that noise in experimental results lead, up to now, to neglect of this important property of LGPS [23] .
The distinction between c(t),c(t), and a fortiori between D σ andD σ is less prominent but non-negligible, thus showing that the center of the rigid matrix is diffusing as well. This effect, as discussed, is a consequence of momentum conservation in periodic boundary conditions and important in fast ion conductors, where the center of mass of the superionic species is diffusing. This causes an opposite diffusion of the rigid matrix, which must be taken into account.
These effects are quantified analyzing the behavior with temperature of the computed diffusion coefficients and Haven ratios, as summarized in Fig. 4 . We indicate with H the Haven ratio computed without renormalizing lithium velocities as in Eq. (6), whereas H c indicates the value after correction. Experimental results on the similar material Li 10 SnP 2 S 12 show a Haven ratio of ∼ 0.3 [24] , compatible with our results. We report different in-plane (xy), out-of-plane (z), and isotropic (xyz) Haven ratios, showing a much higher degree of correlation along the c axes, the direction of fastest diffusion. The better compatibility of the out-of-plane Haven ratio with the experimental value is an indication that transport along c axes may still be dominant in experiments and not suppressed by disorder or grain-boundary effects. The reported noncorrected isotropic Haven ratio is similar to the recent computational results for the sodium version of LGPS [9] . Nevertheless, considering the diffusion of the rigid matrix leads to better agreement with experiments.
The observed constant shift in the Arrhenius plot between tracer and charge diffusion coefficients is a consequence of the presence of correlations between particles, as discussed, and provides a correction to the values obtained for the ionic conductivity. The weak temperature dependence of this correction permits one to safely extract activation energies also considering the (faster converging) single-particle diffusion coefficient [our computations provide an activation energy of (0.18 ± 0.02) and (0.17 ± 0.01) eV, respectively]. Instead, we expect this shift to depend on the number of carriers in the system and must be taken into account when optimizing lithium content in selected materials.
IV. CONCLUSIONS
In this work we highlighted an inequality providing physical insight into the difference between the tracer and charge diffusion coefficients. The statistical properties of the center of mass in molecular dynamics simulations have then been considered, showing that the velocities of the diffusing ions need to be renormalized. By using extensive FPMD simulations, we have shown that the motion of lithium atoms in the fast ionic conductor LGPS is characterized by a high level of correlations, whose contribution to transport depends on direction. When correlations between particles are present the single-particle behavior becomes qualitatively different from the center-of-mass motion. As a consequence, the standard Nernst-Einstein equation cannot be applied and the more exact formula provided by linear response theory has to be used for measuring the ionic conductivity. This effect must be taken into account when optimizing materials to be used for applications. Nevertheless, the free activation energies provided by the two approaches are quite similar as can be deduced from the global shift of the Arrhenius plot in Fig. 4 . Correlations therefore play a role in determining the attempt frequency, in an Arrhenius-like description, but not the energy barriers. We believe that our analysis will be useful for the understanding and future modeling of efficient solid-state electrolytes.
